Deformation of coisotropic submanifolds involves significant subtleties not present in the deformation of Lagrangian submanifolds. Oh and Park's L ∞ -algebra provides an explicit computational tool for teasing out these subtleties, and here we revisit and complete their main example. We find that the obstruction theory of this L ∞ -algebra succeeds in making a fine distinction among foliations with infinite holonomy involving the Liouville phenomenon. We also find a suggestive connection with the geometry of Haefliger's model Ω * c (T /H) for the reduced space.
Whereas the space of C 1 -small deformations of Lagrangian submanifolds is known to be smooth and finite-dimensional via association with the de Rham cohomology, the deformation problem of coisotropic submanifolds is associated with the one leaf. It is often infinite-dimensional, and as we will see, the moduli space of coisotropic submanifolds, viewed in these terms, is often singular. (For more on the foliation cohomology, see, e.g., [7] .)
In [6] it is shown that the complex Ω * (F ) carries the additional structure of an L ∞ -algebra, arising out of the restricted symplectic form ω| C . The structure induced by this form may be viewed several ways. It endows the null foliation with a transverse symplectic structure, and there may or may not exist a single transverse submanifold representing this symplectic structure. Alternatively, ω| C reduces to N * F = T C/T F , but the de Rham differential does not, so we lack a transverse derivative to speak of closedness. Finally, the perspective taken in [6] is of the dual bivector, a Poisson structure but for failure of the Jacobi identity. Oh and Park's L ∞ -algebra describes the bivector as a Poisson structure up to homotopy. (Cattaneo and Felder produce the same structure for a coisotropic submanifold of a Poisson manifold, using the higher derived bracket formalism of Voronov, and calling it a P ∞ structure [2] .)
We refer to the operators of Oh and Park's L ∞ -algebra as {l k }. In [6] , a small section Γ ∈ Ω 1 (F ) is shown to be coisotropic if and only if it satisfies the Maurer-Cartan equation of this L ∞ -algebra:
In all examples considered in the present work, there exists a transverse foliation, i.e. the transverse bivector satisfies the Jacobi identity, so all higher L ∞ operators l k vanish for k 3. Then the Maurer-Cartan equation reduces to the classical one, where we denote the transverse Poisson structure by {·,·}:
In [8] , Zambon studied the moduli space of coisotropic submanifolds from an analytic perspective, and gave an example showing it is not in general a Fréchet manifold. Oh and Park first revisited Zambon's example in terms of obstruction theory, the setup for which we briefly recall below. They then go on to propose a further example having non-trivial null foliation, the essential content being a foliation of tori by lines of slope α. We revisit this example, and find the following: 
The reduced space Y α /F is an orbifold in the case α ∈ Q. The main content of this paper is an analysis of the case of infinite discrete isotropy. We make a case for considering obstruction as a question about the geometry of the reduced space, using a natural but underused group Ω * c (T /H) due to Haefliger as a model.
Obstruction theory and coordinate calculations
Attempting to find a power series solution
i to the Maurer-Cartan equation (1), we encounter the following sequence of equations:
.
. .
An infinitesimal deformation is a section Γ 1 satisfying d F Γ 1 = 0. Even in our transversely integrable case (2) where the higher operators l k vanish for k 3, the above still gives an infinite tower of obstruction classes that must vanish for an infinitesimal deformation to extend to a full deformation Γ t . The right-hand sides may be checked inductively to define cohomology classes in the general case, using the L ∞ relations.
for Σ ∈ Ω 1 (F ). To prove obstructedness, it suffices to produce Γ 1 such that {Γ 1 , Γ 1 } is not exact. 
2-dimensional case
Furthermore, if we assume the coordinates y i are also integrable to give a transverse foliation, we may write the transverse Poisson structure as 
embedded as a coisotropic submanifold, the null foliation has leaves R 2 parametrized by (q 2 , q 3 ). The planes (q 2 , q 3 ) = constant give a transverse foliation, so the higher L ∞ operators vanish, and the leaf space R 2 parametrized by (q 1 , p 1 ) has the standard symplectic form dq 1 ∧ dp 1 . Then the obstruction equation (4) becomes
This may always be solved simply by integrating along q 2 and q 3 , so this deformation problem is unobstructed.
Example 3.2. In Zambon's example [8] , the torus T
} is considered as a pre-symplectic manifold (an equivalent problem), with pre-symplectic form dθ 1 ∧ dθ 2 . The leaves of the null foliation are tori T 2 parametrized by (θ 3 , θ 4 ). To solve the equation
we must have zero average over the leaves. This is not in general satisfied, and thus due to the existence of leaf topology, this example is obstructed.
The above foliations are in fact fiber bundles. We now consider a non-trivial foliation. . Define
Oh and Park's main example
) is coisotropic, with the null foliation spanned by
Note that this gives a foliation of tori r i = constant by lines of slope α.
To obtain non-trivial obstructions, we must have H 
We denote these two solid tori by M + α and M − α , and arbitrarily pick one: α , and we use T interchangeably to refer to either. We remark that our result does go through globally on Y α as well, with a significantly larger investment in notation.
As we will not have occasion to refer to r 2 again, we refer to r 1 as r. The obstruction equation (4) is
(
To prove obstructedness, our main tool is Haefliger's integration-over-leaves map. By definition, the above transverse disk T is complete, in the sense that it intersects each leaf of F at least once. Acting on such a complete transversal is the pseudogroup H of local diffeomorphisms defined by the intersection of T with F (see [4] ). We note that in our example there is no holonomy due to X H 3 . The following definition yields an object invariant up to isomorphism induced by different choices of T , and thus H . 
where h ranges over all h ∈ H , and τ ranges over all τ ∈ Ω k c (T ) having support in the range of h.
Remark 4.2.
(See [4] .) This is a topological vector space.
Definition 4.3.
(See [4, §3] .) The map F , "integration-over-leaves," is defined at the chain level:
where p = dim(F ). The essential idea is that with sufficiently fine partitions of unity, one can break F up into local fiber bundles, on which the standard integration-over-fibers can be applied. Then the result says the images of two partitions of unity differ by pullback, i.e. they yield the same element in Ω k c (T /H).
Our foliation is already a fiber bundle in the X H 3 direction, and integration simply multiplies by an arbitrary function on M α . In the X H α direction, Haefliger's map consists of integrating along the foliation from θ 2 = 0 to θ 2 = 2π , and asking if the resulting function of (r, θ 1 ) can be written in the form G − h * G for h a holonomy self-diffeomorphism of the disk T , in this case rotation by α2π . This frees us from trying to invert d F globally. Instead, we integrate locally, then ask if the solutions glue in the above weaker sense.
Haefliger's description of the kernel of the above map F shows that for 3) ) can now be expressed as (6) or in coordinates,
with p and q relatively prime. We display f , g ∈ C ∞ (Y + α ) such that { f , g} cannot be written as G − h * G (Eq. (7)). Take ρ(r) a smooth cutoff function vanishing smoothly on a neighborhood of zero, and satisfying ρ(r) = r over some interval away from zero. Then set 
As qα ∈ Z, the coefficients of e iqθ 1 and e −iqθ 1 on the right-hand side are zero, and we obtain a contradiction. Thus there is no solution even for a single value of r, and this infinitesimal deformation is obstructed.
Obstruction, α Liouville case
Note that for any α / ∈ Q, we can solve the functional equation F = G − h * G by Fourier series: Recall the strikingly similar fact that F = F n e 2π inθ is in C ∞ (S 1 ) iff for any k 1, there exists a constant λ(k) such that
Given a sequence { p n q n }, if we consider a Fourier series having non-zero coefficients only at j = q n , the smoothness condition
Define F by setting its Fourier coefficients F q n := p n − q n α, and zero otherwise. Then F is smooth, due to the Liouville condition for α. However, using the geometric fact that a chord on a circle is shorter than the arc subtended in the form of the inequality
we see that the coefficients G j satisfy the following:
, and so do not even give a series whose terms converge to zero.
We obtain a function on the disk by multiplying F (θ 1 ) by the cutoff function ρ(r) used in the rational case. Consider This Fourier series has the same property as F , namely that it converges to a smooth function, yet by the above argument, its corresponding G does not, even for one value of r. Thus Eq. (7) has no solution, and this infinitesimal deformation is obstructed.
Unobstructedness
The above example shows how obstructedness may be preserved in the case of infinite holonomy, even with loss of leaf topology. We now show how infinite holonomy may also produce a contrary effect, killing the transverse topology necessary to support an obstruction class. We prove that in the case α is diophantine, every infinitesimal deformation is the infinitesimal deformation of some full deformation. Our result is only at the power series level, that is, we prove that all obstructions vanish, and do not address here the question of whether the resulting power series converges.
The obstruction equation (5) says we must show there exist
(10)
As f 2 and g 1 are irrelevant, we simply refer to f and g, remembering that they in fact come from different Γ i . We may first modify Γ 1 by an exact 1-form d F h, and in fact we solve
with a modified versionf of f . Then we may assume the function {f , g} has a special property: if we consider its double Fourier series in θ 1 , θ 2 away from r = 0, by the following proposition we may assume its constant term is zero: {f , g} 0,0 = 0 ∀r = 0. 
We assume this proposition for the moment, and proceed to prove our main result, that the obstruction equation (10) always has a solution. Recall that f 0,0 is constant in θ 1 and θ 2 , and thus
∂r is as well. Then we have
We have used Proposition 5.2 above to find h in the first place, and now we simply apply the proposition again, as it suffices to solve X H α (ψ) = {f , g}, where by the above, we know that {f , g} 0,0 (r) = 0 ∀r = 0. , and this plays the role of a de facto second variable.
Retrospect. This result may be viewed in terms of

Proof of proposition
We apply ourselves to solving the above differential equation (12), and find that Haefliger's group resurfaces in this case as well.
There are two separate questions to resolve, the exceptional behavior at r = 0, and the solution on each torus r = 0. 
The lift of the vector field ∂ ∂θ is non-singular on the blowup, and we have the non-degenerate PDE on the Möbius stripM
where f (0) lifts as constant in θ . This may clearly be solved on the rectangle, uniquely up to a function C (x),
Passing to the Möbius strip imposes the matching conditioñ h(x, 0) =h(−x, π),
so the odd part of C (x) is determined:
To achieve a sufficient condition, we see already on the disk that solving on any circle S 1 (r) requires
This condition lifts and extends continuously to x = 0, where it implies thatf (0, θ) ≡ 0, and thus thath is constant along x = 0, and so descends back to D We deduce that
which may be understood as smooth functions on the orbifold (−1, 1)/x ∼ −x.
We now revisit the above discussion of Fourier series on the torus using this perspective.
Example 5.4. Consider the PDE on one torus (θ 1 , θ 2 ):
By the standard method of characteristics for linear, first-order PDEs (Ch. 2, §7 of [1] ), this is equivalent to a system of total differentials:
We integrate along each characteristic curve, yielding from the first equation the defining equation for the foliation θ 2 = αθ 1 + constant, and from the second equation the function h(θ 1 , θ 2 ):
As in the previous example, C (θ 1 ) is not arbitrary, but is restricted by the holonomy matching condition: 
In contrast to the decomposition into even and odd functions, a decomposition of an arbitrary function by this holonomy condition is not always possible, as seen in the Liouville case. However, in the diophantine case, the necessary condition
In the Liouville case, we found there is a series solution away from r = 0 if and only if F 0 (r) = 0 ∀r = 0 (Eq. (9)), which is to say f 0,0 (r) = 0.
Here we use the opposite comparison to that used in the Liouville case, 1 − e 2π inα π|p n − nα| for some p n , namely the closest integer to nα. Combining the decay of |F n | and the diophantine condition on α, we obtain that there exists j such that for all k
We obtain the inequality for all k by modification of a finite number of constants.
Interpreting this as exactness in foliation cohomology for the linear foliation
and for α diophantine, we recover the well-known result on circle diffeomorphisms (see, e.g., [3] ):
We now combine the two previous examples, in a proof of the main Proposition 5.2.
Local proof of proposition. The differential equation of our main Proposition 5.2 is the same as in Example 5.4, only depending nominally on r as well:
Integrating over θ 2 as in Example 5.4 now puts us on a transverse disk (r, θ 1 ). The homological equation is likewise the same, extended to the disk:
To solve the homological equation on the disk, we emulate the argument of Example 5.3, now in an algebraic context. We first lift the homological equation, not to the blowup, but to its double cover. Namely, we writẽ So as a function of x,F is arbitrary for x ∈ (0, 1),F (x) determinesF (−x), and at x = 0, theF n are the coefficients of an arbitrary even function. 2
Remarks on the global case
The above calculations considered only Y + α , one "patch" on the leaf space, and we used the existence of a transverse foliation throughout. As mentioned, the result goes through globally on Y α as well, which entails replacing our local transverse foliation with a global choice of transverse connection, now non-flat. It is precisely the curvature of this connection that gives rise to failure of the Jacobi identity, and all higher operators vanish if the curvature does.
Oh and Park prove [6, §10] that different choices of transverse connection give rise to isomorphic L ∞ structures. It is of evident interest to know if a flat transverse connection exists, as this allows the significant simplifications used above. Thus we pose the following purely algebraic question, as yet unexplored to our knowledge. Note that it refers not to quasiisomorphism, but L ∞ isomorphism, something atypical for homotopy structures.
Question 6.1. When does a given L ∞ -algebra have a dgLa representative in its L ∞ isomorphism class?
The l 2 operator of an L ∞ -algebra induces an operation on the l 1 -cohomology satisfying the Jacobi identity, and so yields the structure of a dgLa (H * 
